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Introduction

pair-splitting number and pair-reapin number

Theorem (Minami)
@ ltis consistent that spqir > d.
@ ltis cosistent taht r,4; < b.

Corollary

o Cpair <L
Q 5p4ir 2 trans-add(N).
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The uniformity number and covering number of G ¢

The finite chromatic ideal on w X w is defined by
Gre ={A c [0l : x(w,A) < oo}

where y(w,A) =min{rn € w : Af : w > n AVa € A|fla]|l = 2}.

Proposition
Grc is an F-ideal on w X w.

Theorem (Hru$ak and Meza-Alcantara)
Q@ non*(Grc) 2 tpair.
Q cov(Grc) = S pair-
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Introduction

The uniformity number and the covering nhumber of F-ideals on
w

Question
For every Borel ideal 7 on w,
@ Con(cov*(1) > v)?
@ Con(non*(7) < b)?
Q non*(7) < I?
Q cov*(7) > trans-add(\\V)?

Answer

Yes.

for every F-ideal 7 on w.
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The uniformity number and the covering number of ideals on w

Definition
7 ¢ P(w) is an ideal on w if
Q@ VX,Ye I(XUY € I),
Q@ VX, YXCYAY€eT > Xel),
Q@ w¢7and
©Q Finc1.
We call an ideal 7 tall if YX € [w]¥3Al € I(|X N I| = Ny).

Let 1 be a tall ideal.

cov*(7) min{|A| : Ac I AYX € [w]*TA € A(A N X| = Ny)}.
non*(Z) = min{|JA|: A c[w]” AVI € TAA € A(A N I]| < Ny)}.
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Cardinal invariants of ideals on w and Katétov order
Katétov order

Definition
Let 7 and J be an ideal on w.

I<xJ if 3Af:w-> oV¥IleI(f N eI).

We call this order <g Katétov order.

Proposition
If 7 <x 9, then non*(Z) < non*(¥) and cov*(X) > cov*( 7).
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Dichotomy theorem

The eventually different ideal on w X w is defined by
ED={Acwxw:IAmne wV¥k > n({l: (k1) € A} £ m)}.
Define EDyip, an ideal on A by
EDfin ={XNA:XeED)

where A = {(m,n) : n < m}.

Theorem (Hrusak)
If 7 is a Borel ideal on w, then non*(7) = w or EDyiy <k 1.
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Cardinal invariants of ideals on w and Katétov order

The uniformity number and the covering number of Borel ideals

Corollary

If 7 is a Borel ideal and non*(7) # w, then non*(EDy;,) < non*(7) and
cov*(EDyin) 2 cov* (1)

Proposition
@ min{d, non*(EDyin)} = cov(M).
@ max({b, cov*(EDyin)} = non(M).

COVINY = cov*(ED fin) <—— non(M) <—— cof(M)

o

{
2 hb<—-"7T772
{
;
!

L

add(M) <—— cov(M) <—— non*(ED i) <—— non(N)

cof(N) .

add(N)
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Cardinal invariants of ideals on w and Katétov order
Questions

Question
For each F, ideal 7 on w,
@ Con(cov*(7) > 0)?
@ Con(non*(7) < b)?
Q@ non*(1) < I?
Q cov*(7) > trans-add(N)?
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The covering numbers of ideals on w

Theorem (Laflamme)
If 7 is an F,-ideal on w, then it is consistent that cov*(Z) > ». J

7 is P-ideal if

V(X,:n€w)ycIAX € IVn € w (X, c* X).

Theorem

If 7 is an analytic P-ideal, then it is Fys. J
Theorem (Hrusak and Hernandez-Hernandez)

If 7 is an analytic P-ideal on w, then it is consistent that cov*(Z) > bd. J
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The uniformity number of F,-ideals on w

Theorem
If 7 is an F,-ideal on w, then it is consistent that non*(7) < b.

We shall show if V | CH, then V%2 | non*(Z) < b.
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The Laver forcing

The Laver forcing IL is defined by T € L if

Q@ T cw?isatree and

Q Vs e T (stem(T) C s = |succr(s)] = Noy).
IL is ordered by inclusion.

Proposition

Let G be a lL-generic over V and fg = U{stem(T) : T € G}. Then
Jeew?and g <* fgforallge w’NV.

L., denotes the w,-stage countable support iteration of L. Then

Vi E b = w,.
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The Laver property

Definition
A forcing notion IP has the Laver property (LP) ifforevery H : w » w € V

rVfe[[HmNVIGIAA : 0 - (0] eV
nEwW

Vn € w(f(n) € A(n) A |A(m)] < 27).

Theorem

The LP is preserved under countable support iteration of proper forcing
notions.

Theorem
The Laver forcing IL has the LP.

So LL,, has the LP.
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The uniformity number of F--ideals on w

Lower semi-continuous submeasure on w and F,-ideal

Definition
@ : P(w) — [0, 0] is a submeasure if
Q (X UY) < o(X) + (Y),
Q@ XcVY - ¢pX) <) and
Q ¢(n) < o forn € w.
We say a submesure ¢ : P(w) — [0, o] is lower semicontinuous if
Q ¢(X) = lim o(X N n).

Theorem (Mazur)

If 7 is an F-ideal on w, then there exists a lower semicountinuous
submeasure g suchthat 7 = {X C w : ¢(X) < oo}.
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Proof of Main lemma 1

Lemma

Let 7 be an F-ideal on w. If IP has the LP, then
Fp “YX € T NV[G]AA € [w]? NV (X N A| < Np)”".

Proof.

Let p € P and let X be a IP-name such that rp “X € 1.
Let ¢ be a lower semicontinuous submeasure such that

I ={X Cw:eX)< oo}

Without loss of generality there exists n € w such that p IFp “p(X) < n”.

Claim
For each k € w and I € w, there exists m € w such that ¢([I, m]) > k.

LetIl = (I; : j € w) be an interval partition of w such that
o) > 2 - n. O
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Proof of main lemma 2

Proof.

LetIl = (I; : j € w) be an interval partition of w such that ¢(1;) > 2/ . n.
By the LP for (X } I : j € w), thereare ¢ < pand A : w — [Uje, 211
in V such that for j € w,

Q@ A(j) c24,]A(j)| £ 2/ and
@ g Vjew(X | I € A())".

Without loss of generality ¢(J) < nfor J € A(j) and for j € w.
By the finite subadditivity of ¢, for each j € w,

P(UAG) < TjeappJ) <2 - n.
SoIi \ UA() #0forjew PutY = Ujeo(I; \ U A(j)) € [w]®. Then

girp “XNY =9

Therefore rp “VX € 7Y € [w]* NV (X N Y| < Ny) . O
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The uniformity number of F--ideals on w
Main Theorem

Lemma

Let 7 be an F-ideal on w. If IP has the LP, then
Fp VX € T NV[GIAA € [w]® NV (X N A| < Np)".

Theorem
If 7 is an F,-ideal on w, then it is consistent that non*(7) < b.

Proof of theorem from lemma.

We know VL £ b = w;.
Suppose V = CH. By lemma, [w]® N V witnesses non*(Z). So
V& = non*(Z) = wy. Therefore V&2 | non*(7) < b.
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I and trans-add(N)

Definition (Kada)

letS={p:¢:w > [0]°Alp(n)] <n+1}.
For H € w®,

Iy =min{|®| : D Cc SAVSf e IHn)IAp € ®VY™n € w(f(n) € ¢(n))}.

[ =sup{l, : h € 0*}.

Theorem (Pawlikowski)

trans-add(N) = min{|F| : F € w® A AH € w“(F c U, H(n)) A
V¢ € SAf € FA®n € w(f(n) ¢ ¢(n))}.

Corollary
If 7 is an Fs-ideal on w, then non*(Z) < I'and cov*(Z) > trans-add(N).
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Cichon’s diagram

cov(N) =<—— cov*(EDyin) <—— non(M) <—— cof(M) cof(N) .

tran—add(N)

add(N) add(M) <—— cov(M) <—— non*(éZ)fi,,) ~<—— non(N)

If T is an Fs-ideal on w and non*(7) # w, then non*(Z) exists around :::.
If 7 is an Fs-ideal on w and non*(Z) # w, then cov*(7) exists around ....
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