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Introduction

pair-splitting number and pair-reapin number

.

Theorem (Minami)

.

.

.

. ..

.

.

.

.

.

1 It is consistent that spair > d.

.

.

.

2 It is cosistent taht rpair < b.

.

Corollary

.

.

.

. ..

.

.

.

.

.

1 rpair ≤ l.

.

.

.

2 spair ≥ trans-add(N).
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Introduction

The uniformity number and covering number of GFC

The finite chromatic ideal on ω × ω is defined by

GFC = {A ⊂ [ω]2 : χ(ω, A) < ∞}

where χ(ω, A) = min{n ∈ ω : ∃ f : ω → n∧ ∀a ∈ A | f [a]| = 2}.

.

Proposition

.

.

.

. ..

. .

GFC is an Fσ-ideal on ω × ω.

.

Theorem (Hrušák and Meza-Alcántara)

.

.

.

. ..

.

.

.

.

.

1 non∗(GFC) ≥ rpair.

.

.

.

2 cov∗(GFC) = spair.
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Introduction

The uniformity number and the covering number of Fσ-ideals on
ω

.

Question

.

.

.

. ..

.

.

For every Borel ideal I on ω,

.

.

.

1 Con(cov∗(I ) > d)?

.

.

.

2 Con(non∗(I ) < b)?

.

.

.

3 non∗(I ) ≤ l?

.

.

.

4 cov∗(I ) ≥ trans-add(N)?

Answer

Yes,
for every Fσ-ideal I on ω.
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Cardinal invariants of ideals on ω and Katětov order

The uniformity number and the covering number of ideals on ω

.

Definition

.

.

.

. ..

.

.

I ⊂ P(ω) is an ideal on ω if

.

.
.

1 ∀X, Y ∈ I (X ∪ Y ∈ I ),

.

.

.

2 ∀X, Y(X ⊂ Y ∧ Y ∈ I → X ∈ I ),

.

.

.

3 ω < I and

.

.

.

4 Fin ⊂ I .

We call an ideal I tall if ∀X ∈ [ω]ω∃I ∈ I (|X ∩ I| = ℵ0).

Let I be a tall ideal.

cov∗(I ) = min{|A| : A ⊂ I ∧ ∀X ∈ [ω]ω∃A ∈ A(|A ∩ X| = ℵ0)}.
non∗(I ) = min{|A| : A ⊂ [ω]ω ∧ ∀I ∈ I∃A ∈ A(|A ∩ I| < ℵ0)}.
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Cardinal invariants of ideals on ω and Katětov order

Katětov order

.

Definition

.

.

.

. ..

.

.

Let I and J be an ideal on ω.

I ≤K J if ∃ f : ω → ω∀I ∈ I ( f−1[I] ∈ J ).

We call this order ≤K Katětov order.

.

Proposition

.

.

.

. ..

.

.

If I ≤K J , then non∗(I ) ≤ non∗(J ) and cov∗(I ) ≥ cov∗(J ).

Hiroaki Minami joint work with Michael Hrušák and David Meza-Alcántara ()On the uniformity number of Fσ-ideals 2008, 23th, Feburary 6 / 21



Cardinal invariants of ideals on ω and Katětov order

Dichotomy theorem

The eventually different ideal on ω × ω is defined by

ED = {A ⊂ ω × ω : ∃m, n ∈ ω∀k > n (|{l : 〈k, l〉 ∈ A}| ≤ m)}.

Define ED f in, an ideal on 4 by

ED f in = {X ∩ 4 : X ∈ ED}

where 4 = {〈m, n〉 : n ≤ m}.

.

Theorem (Hrušák)

.

.

.

. ..

.

.

If I is a Borel ideal on ω, then non∗(I ) = ω or ED f in ≤K I .
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Cardinal invariants of ideals on ω and Katětov order

The uniformity number and the covering number of Borel ideals

.

Corollary

.

.

.

. ..

.

.

If I is a Borel ideal and non∗(I ) , ω, then non∗(ED f in) ≤ non∗(I ) and
cov∗(ED f in) ≥ cov∗(I )

.

Proposition

.

.

.

. ..

.

.

.

.

.

1 min{d, non∗(ED f in)} = cov(M).

.

.

.

2 max{b, cov∗(ED f in)} = non(M).

cov(N) oo cov∗(ED f in) oo

²O
²O
²O
²O
²O
²O
²O
²O

o/q1r2
non(M) oo cof(M) oo cof(N)

b oo
²²

d
²²

add(N)
²²

oo add(M)
²²

oo cov(M)
²²

oo non∗(ED f in) oo

O²
O²
O²
O²
O²
O²
O²
O²

/o 0p 2r non(N)
²²

.
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Cardinal invariants of ideals on ω and Katětov order

Questions

.

Question

.

.

.

. ..

.

.

For each Fσ ideal I on ω,

.

.

.

1 Con(cov∗(I ) > d)?

.

.

.

2 Con(non∗(I ) < b)?

.

.

.

3 non∗(I ) ≤ l?

.

.

.

4 cov∗(I ) ≥ trans-add(N)?
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The covering number of Borel ideals on ω

The covering numbers of ideals on ω

.

Theorem (Laflamme)

.

.

.

. ..

.

.

If I is an Fσ-ideal on ω, then it is consistent that cov∗(I ) > d.

I is P-ideal if

∀〈Xn : n ∈ ω〉 ⊂ I∃X ∈ I∀n ∈ ω (Xn ⊂∗ X)
.

.

Theorem

.

.

.

. ..

.

.

If I is an analytic P-ideal, then it is Fσδ.

.

Theorem (Hrušák and Hernández-Hernández)

.

.

.

. ..

.

.

If I is an analytic P-ideal on ω, then it is consistent that cov∗(I ) > d.

Hiroaki Minami joint work with Michael Hrušák and David Meza-Alcántara ()On the uniformity number of Fσ-ideals 2008, 23th, Feburary 10 / 21



The uniformity number of Fσ-ideals on ω

The uniformity number of Fσ-ideals on ω

.

Theorem

.

.

.

. ..

.

.

If I is an Fσ-ideal on ω, then it is consistent that non∗(I ) < b.

We shall show if V |= CH, then VLω2 |= non∗(I ) < b.
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The uniformity number of Fσ-ideals on ω

The Laver forcing

The Laver forcing L is defined by T ∈ L if

.

. .
1 T ⊂ ω<ω is a tree and

.

.
.

2 ∀s ∈ T (stem(T) ⊂ s → |succT(s)| = ℵ0).
L is ordered by inclusion.

.

Proposition

.

.

.

. ..

. .

Let G be a L-generic over V and fG =
⋃{stem(T) : T ∈ G}. Then

fG ∈ ωω and g ≤∗ fG for all g ∈ ωω ∩ V.

Lω2 denotes the ω2-stage countable support iteration of L. Then

VLω2 |= b = ω2.

Hiroaki Minami joint work with Michael Hrušák and David Meza-Alcántara ()On the uniformity number of Fσ-ideals 2008, 23th, Feburary 12 / 21



The uniformity number of Fσ-ideals on ω

The Laver property

.

Definition

.

.

.

. ..

.

.

A forcing notion P has the Laver property (LP) if for every H : ω → ω ∈ V


 ∀ f ∈
∏

n∈ω
H(n) ∩ V[Ġ]∃A : ω → [ω]<ω ∈ V

∀n ∈ ω ( f (n) ∈ A(n) ∧ |A(n)| ≤ 2n) .

.

Theorem

.

.

.

. ..

.

.

The LP is preserved under countable support iteration of proper forcing
notions.

.

Theorem

.

.

.

. ..

.

.

The Laver forcing L has the LP.

So Lω2 has the LP.
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The uniformity number of Fσ-ideals on ω

Lower semi-continuous submeasure on ω and Fσ-ideal

.

Definition

.

.

.

. ..

.

.

ϕ : P(ω) → [0,∞] is a submeasure if

.

.
.

1 ϕ(X ∪ Y) ≤ ϕ(X) + ϕ(Y),

.

.

.

2 X ⊂ Y → ϕ(X) ≤ ϕ(Y) and

.

.

.

3 ϕ(n) < ∞ for n ∈ ω.

We say a submesure ϕ : P(ω) → [0,∞] is lower semicontinuous if

.

.

.

4 ϕ(X) = lim
n→∞ ϕ(X ∩ n).

.

Theorem (Mazur)

.

.

.

. ..

.

.

If I is an Fσ-ideal on ω, then there exists a lower semicountinuous
submeasure ϕ such that I = {X ⊂ ω : ϕ(X) < ∞}.
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The uniformity number of Fσ-ideals on ω

Proof of Main lemma 1

.

Lemma

.

.

.

. ..

.

.

Let I be an Fσ-ideal on ω. If P has the LP, then

P “∀X ∈ I ∩ V[Ġ]∃A ∈ [ω]ω ∩ V (|X ∩ A| < ℵ0)”.

.

Proof.

.

.

.

. ..

.

.

Let p ∈ P and let Ẋ be a P-name such that 
P “Ẋ ∈ I ”.
Let ϕ be a lower semicontinuous submeasure such that

I = {X ⊂ ω : ϕ(X) < ∞}.

Without loss of generality there exists n ∈ ω such that p 
P “ϕ(Ẋ) < n”.

.

Claim

.

.

.

. ..

.

.

For each k ∈ ω and l ∈ ω, there exists m ∈ ω such that ϕ([l, m]) > k.

Let Π = 〈I j : j ∈ ω〉 be an interval partition of ω such that
ϕ(I j) > 2 j · n. �
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The uniformity number of Fσ-ideals on ω

Proof of main lemma 2

.

Proof.

.

.

.

. ..

.

.

Let Π = 〈I j : j ∈ ω〉 be an interval partition of ω such that ϕ(I j) > 2 j · n.
By the LP for 〈Ẋ � I j : j ∈ ω〉, there are q ≤ p and A : ω → [

⋃
j∈ω 2I j]<ω

in V such that for j ∈ ω,

.

.

.

1 A( j) ⊂ 2I j , |A( j)| ≤ 2 j and

.

.

.

2 q 
P “∀ j ∈ ω
(
Ẋ � I j ∈ A( j)

)
”.

Without loss of generality ϕ(J) ≤ n for J ∈ A( j) and for j ∈ ω.
By the finite subadditivity of ϕ, for each j ∈ ω,

ϕ(
⋃

A( j)) ≤ ∑
J∈A( j) ϕ(J) ≤ 2 j · n.

So I j \⋃ A( j) , ∅ for j ∈ ω. Put Y =
⋃

j∈ω(I j \⋃ A( j)) ∈ [ω]ω. Then

q 
P “Ẋ ∩ Y = ∅”.

Therefore 
P “∀X ∈ I∃Y ∈ [ω]ω ∩ V (|X ∩ Y| < ℵ0) ”. �
Hiroaki Minami joint work with Michael Hrušák and David Meza-Alcántara ()On the uniformity number of Fσ-ideals 2008, 23th, Feburary 16 / 21



The uniformity number of Fσ-ideals on ω

Main Theorem

.

Lemma

.

.

.

. ..

.

.

Let I be an Fσ-ideal on ω. If P has the LP, then

P “∀X ∈ I ∩ V[Ġ]∃A ∈ [ω]ω ∩ V (|X ∩ A| < ℵ0)”.

.

Theorem

.

.

.

. ..

.

.

If I is an Fσ-ideal on ω, then it is consistent that non∗(I ) < b.

.

Proof of theorem from lemma.

.

.

.

. ..

.

.

We know VLω2 |= b = ω2.
Suppose V |= CH. By lemma, [ω]ω ∩ V witnesses non∗(I ). So
VLω2 |= non∗(I ) = ω1. Therefore VLω2 |= non∗(I ) < b.

�
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The uniformity number of Fσ-ideals on ω

l and trans-add(N)

.

Definition (Kada)

.

.

.

. ..

.

.

Let S = {φ : φ : ω → [ω]<ω ∧ |φ(n)| ≤ n + 1}.
For H ∈ ωω,

lH = min{|Φ| : Φ ⊂ S ∧ ∀ f ∈ ΠH(n)∃φ ∈ Φ∀∞n ∈ ω( f (n) ∈ φ(n))}.

l = sup{lh : h ∈ ωω}.

.

Theorem (Pawlikowski)

.

.

.

. ..

.

.

trans-add(N) = min{|F| : F ⊂ ωω ∧ ∃H ∈ ωω(F ⊂ Πn∈ωH(n)) ∧
∀φ ∈ S∃ f ∈ F∃∞n ∈ ω( f (n) < φ(n))}.

.

Corollary

.

.

.

. ..

.

.

If I is an Fσ-ideal on ω, then non∗(I ) ≤ l and cov∗(I ) ≥ trans-add(N).

Hiroaki Minami joint work with Michael Hrušák and David Meza-Alcántara ()On the uniformity number of Fσ-ideals 2008, 23th, Feburary 18 / 21



The uniformity number of Fσ-ideals on ω

Cichon’s diagram

cov(N) oo cov∗(ED f in) oo non(M) oo cof(M) oo cof(N)

tran-add(N)

b oo
²²

d
²²

l

add(N)
²²

oo add(M)
²²

oo cov(M)
²²

oo non∗(ED f in) oo non(N)
²²

.

If I is an Fσ-ideal on ω and non∗(I ) , ω, then non∗(I ) exists around :::.
If I is an Fσ-ideal on ω and non∗(I ) , ω, then cov∗(I ) exists around ....

Hiroaki Minami joint work with Michael Hrušák and David Meza-Alcántara ()On the uniformity number of Fσ-ideals 2008, 23th, Feburary 19 / 21



Reference

Reference
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